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Abstract—Sentinel observations of influenza epidemic in each
prefecture indicates basically unimodal trend but with irregular
shocks, which are synchronous among prefectures. In this study,
we have confirmed that the the strength of inter-regional connec-
tion and local probabilistic fluctuation are separately identifiable
in a multi-compartment SIR model.

I. INTRODUCTION

The wave of the infection of influenza comes every year
when the winter comes. The gene of the virus evolves gradu-
ally, occasionally greatly, via by mutations and reassortments
of genes year by year. Therefore, it is necessary to design and
produce the vaccines against the strain type that is expected to
spread in the year. It is impossible to distribute vaccinates over
residents before the strain lands at the place in concern and
vaccination does not guarantees a perfect protection. When the
vaccine is dosed, the infection probability is 20-40% for not
doing [1], [2], [3]. Therefore, it is important to recommend
individuals to protect themselves by avoiding crowds and
wearing a mask, in order to reduce the impact of the influenza
epidemic on the society. In our country, National Institute
of Infectious Diseases announces weekly infection trend of
the whole country and a warning according to the number of
infected cases per sentinel observation point.

This alert system is based on a statistical time series
analysis, in particular the seasonal adjustment method, and any
dynamics is not incorporated. An ideal and faithful approach
to describe dynamically the transmission of the disease is
to include complicated behaviors of individuals and non-
deterministic nature of the transmission into the model; this is
called an agent based approach. This approach however has
been used for the evaluation of intervention candidates [4],
[5] and the evaluation of the significance of the public trans-
portation system on the transmission [6], whereas there is not
applications for the short prediction of an ongoing epidemic.
Though along with popularization of parallel computing, the
difficulty in agent-based simulations is decreasing, it is still
hard to carry out many runs necessary for statistical analysis
of various possibilities in the evolution of an epidemic.

Besides the problem of computational complexity, there is a
problem that a model has many unknown parameters and as-
signed values to them are not well supported by observational
evidence. One of the most important parameters, the transmis-
sion efficiencies in each place, is not estimated in stable until
the data is accumulated to the peak of an epidemic, even in
the ideal situation where the absolute number of patients in
place is observed [10]. There is a research that constructed a

global infectious network model and successfully predicted the
peak of 2009 flu [7]. However, the construction of the network
relied on census data and the number of flights between cities
and only the global transmission efficiency was estimated from
the data.

Our interest is to compose a dynamical model with the
appropriate abstraction level that can be used for the short-
time forecast of the epidemic. As a candidate of construction,
we consider connecting SIR models corresponding to each
prefecture to compose a model for the whole Japan. The orig-
inal SIR model [8] consists of four differential equations for
the population of compartments, susceptible, exposed, infected
and removed, where people is assumed to be uniformly mixed
in the target area. There is a single epidemic wave each year
but this wave has several spikes, according to the sentinel
observation data. As a scenario for this phenomenon, it is
considered that the disease is transmitted almost locally in
each prefecture or a similar scale but reproduction of patients
is enhanced by the ratio of infected persons in visitors from the
other prefectures occasionally increases at time of shocks. It is
ideal that coupling parameters in the connected SIR model are
estimated directly from the sentinel observation data. However,
this means to estimate parameters of local SIR and coupling
parameters at the same time, and it easily fails. In actual, we
found in the analysis of 2009 flu in an early stage that it may
be impossible to estimate the effect of the interaction between
the areas depending on the assumed transmission efficiency
in each area (the values of likelihood are almost between a
connected case and the disconnected one).

We have confirmed in previous study [11] that 2009 flu
data includes less than 20% of infected person for which
is accounted by outer-side. Our concern then is to confirm
the strength of connection among regions are identifiable in a
certain connected multi-compartment SIR model. In this paper,
this is confirmed on a toy model of three compartments via
twin experiments.

II. METHOD

A. Sentinel observation

Under the infectious disease surveillance project, the num-
ber of influenza cases is recorded in about 5,000 medical
institutions of Japan. Weekly data for each prefecture are
reported by the National Institute of Infectious Diseases. We
hereafter this data simply sentinel data. In order to our interest
seen in the data, we show in Fig. 1 profiles of recent three years
in the whole Japan and three representative prefectures.Profiles



Fig. 1. An example of sentinel observation data in recent three seasons in
Japan

of 2009/2010 and 2011/2012 seasons have roughly a single
profile. Looking smaller structure in profiles, we notice differ-
ent times of peaks (the 43rd week in Hokkaido, the 45th week
in Miyagi and the 46th week in Mie, of 2009/2010 season
profiles) and synchronous abrupt increases (the third week in
2011/2012 season).

Such behavior can almost interpret the infection transmis-
sion in each prefecture though becomes independent that
the number of infected persons sometimes increased and
decreased by the influence from the outside. Of course, these
changes could be interpreted as a result of stochastic transmis-
sions. We consider that it would be appropriate to look for the
cause to the influence from outsides, because synchronizing
increases are seen, such a rapid change is generally not seen
for the number of infected persons at the level of the entire
city in agent base simulations, and the number of cases in
each prefecture at the peak is several thousand and hence these
shocks are too large to consider as a result of a statistic error
in the detection.

We then employ an extended SIR model with stochastic
changes, which is described in the rest of this section, and
estimate amount of such changes necessary for explaining the
data by applying data assimilation to the sentinel data and the
extend model.

B. SIR model and summary of previous work

The SIR model is one of the simplest simulation models
for infectious transmission and ordinary differential equations
having the following form:

Ṡ = −λIS (1)
İ = λIS − γI (2)

Ṙ = γI, (3)

where S, I and R are the numbers of susceptible, infected and
removed people, respectively. Here note that R is an ignorable
coordinate since the change R does not effect on the evolution
of S and I . Parameter λ denotes the transmission efficiency
and the inverse of parameter γ the timescale of infectious

period. The SIR model has an integral and integrate to obtain

I(t) − I(0) = S(0) − S(t) +
γ

λ
ln

(
S(t)
S(0)

)
. (4)

As observed in Section 2.1, several abrupt changes are
superposed on a smooth curve like a SIR solution in real data.
We introduce a stochastic change ∆I in the derivative of I
so that these change are realized. The extended SIR is shown
below.

Sn = Sn−1 − λIS∆t (5)
In = In−1 + λIS∆t − γI∆t + ∆In, (6)

where ∆t is the observation interval (7 days). For the sim-
plicity, we denote the model in terms of differences instead
of ODEs. This slightly differs from what we do. In actual, we
integrate SIR model from an observation to the next one with
the fourth order Runge-Kutta and add stochastic change ∆I
in I . Stochastic change ∆I follows the probabilistic density,

p(∆I) =
Nshock

Nobs
N (∆I|0, σ2(∆I)) +

(
1 − Nshock

Nobs

)
, (7)

with the number Nobs of observation points, the expected
number Nshock of abrupt changes and variance σ(∆I)of the
height of changes. This distribution encodes our assumption
that stochastic changes in I does not occur at the most of time
points. Any evolution of the number patients could be repro-
duced if we allowed the model large and frequent stochastic
changes. However, we cannot retrieve changes which cannot
be explained by regular transmission described in the SIR
model. We shall make state estimation of (Sn, In, ∆In)Nobs

n=1

using a particle filter algorithm (see [9], [12] for detail). Here
a log-likelihood

L =
∑

n∈Iobs

(Jobs
n − Jn)2, (8)

where observation data Jobs
n and its counterpart Jn = Ṡ(t)∆t

in the simulation, is introduced as an observation model, which
forms the state space model together with the system model,
Eqs.(5) and (6).

Equations 5, 6 and 8 forms the state space model. In
the previous study [11], we applied this to 2009 sentinel
observation data for each prefecture and find that in almost
all prefectures ε ≤ 20%, as is shown in Fig. 2. Two outlier
cases are of failure fitting due to the discrepancy between their
global trend and a typical profile of the SIR solution.

C. A multi-compartment SIR model and its stochastic variant

Equation (1)–(3) are applicable only if people are equally
mixed. When people are separated into groups which follows
different mixing nature, multi-compartment extensions should
be taken into consideration. The following formulation that we
will employ is an example of such a extension:

Ṡi(t) = −λi(Ii +
∑

j∈A(i)

εijIj)Si (9)

İi(t) = λi(Ii +
∑

j∈A(i)

εijIj)S − γIi, (10)



Fig. 2. The histgram of ε over the prefectures.

where A(i) are set of compartments to which i-th compartment
is connected (adjacent to) and εij is the strength of the
connection between compartments i and j. The matrix having
δij + εij (δii = 1 and δij = 0 if i 6= j) as a component is
called a mixing matrix.

In a construction of stochastic variation of Eqs.(9) and (10),
there are some choices depending on the purpose. Firstly,
compartments in our context are respective areas and an
exchange of people among these areas make an influence
on the transmission dynamics in each area. Considering the
proportion of infectious people in the travelers varies randomly
every day, we deal with εij as a random variable. Secondly, the
number of successful transmission has a random fluctuation
particularly in the case of a small number of infected person.
This is modelled by a Poison process:

∆[Si → Ii] ∼ Pois (λPois = λiIiSi∆t)

However, we need to recall that initial state variables are
configured from an observed data that records number of some
sample of newly appeared infected people in each observation
interval. Hence we shall discount the deviation of the Poison
process by introducing parameter σPois. Finally, in order to
optimise or to obtain the distribution of εij , we are going to
evaluate their likelihood for many configurations of εij and
σPois. Underlying data assimilation (state estimation) scheme
should be light-weighted. We then approximate the Poison
distribution with a Gaussian one and somewhat abusively
apply Kalman filter to evaluate likelihoods. Following to these
three points, we construct a stochastic multi-compartment SIR
model:

Si(t) = Si(t − ∆t) − λi(Ii +
∑

j∈A(i)

εijIj)Si + ui (11)

Ii(t) = Ii(t − ∆t) + λi(Ii +
∑

j∈A(i)

εijIj)S − γIi − ui + vi

(12)
ui ∼ N(0, σ2

PoisλSiIi∆t) (13)
vi ∼ N(0, σ2

PoisγIi∆t) (14)
εij ∼ N(0, ε̄2ij) (15)

D. Adaptation to Kalman filter

Kalman filter (KF) algorithm provides recursion formula of
mean vector µn and covariance matrix Σn that parameterize
filtered distribution p(xn|Yn) = N(µn, Σn), where latent
variables xn at time point n and sequence Yn of observed
data yi from i = 1 to n. KF assumes that time development
of xn and realization of yn follow

xn = Fnxn−1 + Gnvn, vn ∼ N(0, Qn), (16)
yn = Hnxn + wn, wn ∼ N(0, Rn), (17)

where xn ∈ Rd(x), wn, yn ∈ Rd(y), vn ∈ Rd(v),
Fn ∈ Rd(x)×d(x), Hn ∈ Rd(y)×d(x), Gn ∈ Rd(x)×d(v),
Qn ∈ Rd(v)×d(v), and Rn ∈ Rd(y)×d(y), for given d(x), d(y)
and d(v).

A pair of (µn, Σn) follows the recursive formulae,

µ∗
n = Fµn−1 (18)

Σ∗
n = FnΣn−1F

T
n + GnQnGT

n (19)
Kn = Σ∗

nHT
n (HnΣ∗

nHT
n + Rn)−1 (20)

µn = µ∗
n + Kn(yn − Hnµ∗

n−1) (21)
Σn = Σ∗

n − KnHnΣ∗
n, (22)

where (µ∗
n, Σ∗

n) parameterizes prediction distribution
p(xn|Yn−1) = N(µ∗

n, Σ∗
n) and Kn is called Kalman gain.

In actual, we use further simplified version of Eqs.(11)–(15),
ignoring conservation of amount to diagonalise covariance
matrix of the system noise:

Si(t) = Si(t − ∆t) − λiIiSi + ui (23)
Ii(t) = Ii(t − ∆t) + λiIiSi − γIi + vi (24)

ui ∼ N(0, σ2
Pois + ε̄2ij

∑
j∈A(i)

IjSi) (25)

vi ∼ N(0, σ2
Pois + ε̄2ij

∑
j∈A(i)

IjSi + σ2
PoisγI∆t)(26)

We actually further simplified version, ignoring conservation
of amount to diagonalise covariance matrix of the system
noise. Introducing a correspondence

xn = [S1(tn), I1(tn), · · · , SN (tn), IN (tn)]T (27)
yn = [J1(tn), · · · , JN (tn)]T , (28)

Jobs
i (tn) ∼ N(−λiSiIi, 12), for i ∈ [1, N ] (29)

one find Eqs.(23)–(24) has a form

xn = f(xn−1) + vi, yn = h(xn−1) + wi, (30)

with nonlinear functions f and h. Further approximation Fn ≈
grad f(xn) and Hn ≈ gradh(xn) and the replacement of all
appearances of state variables xn−1 in covariances of εij with
their mean values µn−1 reduces this form to Eqs.(16) and (17).

III. RESULTS

We consider a multi-compartment SIR model of three
compartments which are fully connected in a equal strength. In
the experiments below , two parameters ε = ε12 = ε23 = ε31
and sigmapois are left as free parameters (arguments of the
likelihood function) and the rest of parameters and initial



TABLE I
CONFIGURATION OF INITIAL CONDITIONS AND PARAMETERS

Area t0 S(t0) I(t0) λ γ
1 0 2128 650 4.20E-05 0.0620
2 28 2772 402 4.33E-05 0.1026
3 27 1943 505 3.74E-05 0.0538

conditions are fixed to values in Table I. A pseudo observation
time course is generated by Eq.(29) from a solution of Eqs.(23)
and (24) for given ε and σPois.

Figure 3 shows a likelihood dependence on σPois evaluated
by applying KF algorithm for observation data generated under
σPois = 0.1 and ε = 0. This is a case of set of independent SIR
model and the likelihood has a clear peak around a original
value of σPois.

Figure 3 shows a likelihood dependence on σPois and
ε evaluated by applying KF algorithm for observation data
generated under σPois = 0 and ε = 0.1. Simulation noises ui

and vi depend on both of these parameters and this experiment
was carried out to find these parameters can be distinguished.
The result shows that it is possible to the some extent in the
sense that the larger σPois exhibits the smaller likelihood than
the smaller one but σPois < 0.01 have also the same the
likelihood value.
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Fig. 3. Log-likelihood dependence for data generated under ε = 0 and σPois = 0.1

Fig. 4. Log-likelihood dependence for data generated under ε = 0.1 and σPois = 0


